Introduction

1.1
A classical construction of Magnus [26] associates to a group G a graded Lie algebra over Z:
1)
where {Γ k G} k≥1 is the lower central series (LCS) of the group, defined, inductively, by
, and the Lie bracket [x, y] is induced from the group commutator (x, y) = xyx −1 y −1 .
Many properties of a group are reflected in properties of its associated graded Lie algebra. For instance, if G is finitely generated, then the abelian groups gr k (G) are also finitely generated; their ranks φ k (G) are important numerical invariants of G. In the case when G = F n , the free group of rank n, Magnus showed that gr(F n ) = L n , the free Lie algebra on n generators, whose graded ranks were computed by E. Witt. In general, though, the computation of the LCS ranks φ k (G) can be exceedingly difficult.
1.2
In his thesis [6] , Chen introduced a more manageable approximation to the LCS ranks.
Let G/G be the maximal metabelian quotient of G. The Chen groups are the graded pieces of the associated graded Lie algebra gr(G/G ). Assume that G is finitely generated, and let θ k (G) = rank(gr k (G/G )) be the rank of the kth Chen group. Then θ k (G) = φ k (G)
for k ≤ 3, and θ k (G) ≤ φ k (G) for k > 3.
Chen showed that the Chen groups of F n are torsion-free and computed their ranks. He also gave an algorithm for computing the ranks θ k (G) for an arbitrary finitely presented group G, but that algorithm is highly impractical.
1.3
In a subsequent paper [8] , Chen introduced the rational holonomy Lie algebra of a space X. Assuming that X is a connected CW-complex with finite 2-skeleton, this Lie algebra is
where L * (H 1 (X; Q)) is the free (graded) Lie algebra over Q, generated in degree 1 by H 1 (X; Q), and ∂ Q X is the dual of the cup-product map ∪ Q X : H 1 (X; Q)∧H 1 (X; Q) → H 2 (X; Q). It is readily seen that H(X; Q) = H(G; Q), where G is the fundamental group of X and H(G; Q)
is the rational holonomy Lie algebra of the Eilenberg-MacLane space K(G, 1).
1.4
Now, suppose that X is a formal space in the sense of Sullivan [41] . Loosely speaking, this means that the rational homotopy type of X is a formal consequence of the rational cohomology algebra of X. Let G = π 1 (X). Sullivan showed that there is an isomorphism of graded Lie algebras over Q:
There are many examples of formal spaces; for instance, spheres, compact Kähler manifolds (cf. [12] ), and complements of complex hyperplane arrangements (as follows from [5] ). Formality is preserved by taking products or wedges.
As proved in [31, 41] , the fundamental group of a formal space is 1-formal in the sense of Definition 4.1. The isomorphism gr(G)⊗Q ∼ = H(G; Q) holds for arbitrary 1-formal groups. Fundamental groups of complements of complex projective hypersurfaces are always 1-formal (this was proved by Kohno [19] using resolution of singularities to reduce to the case of complements of normal crossing divisors). In general, though, complements of normal crossing divisors may not be formal (see Morgan [31] ).
1.5
Assuming that H 1 (G; Z) is torsion-free, one may define an integral form of Chen's holonomy Lie algebra. This graded Z-Lie algebra, denoted by H(G), comes equipped with a natural epimorphism of graded Lie algebras Ψ G : H(G) gr(G). If G is 1-formal and H(G) is torsion-free, the map Ψ G gives an isomorphism H(G) ∼ = gr(G) (1.4) (see [27] , and also Section 5).
1.6
The purpose of this paper is to produce analogs of isomorphisms (1.3) and (1.4) for the Chen Lie algebra gr(G/G ). Without much more effort, we will do this for all the higherorder Chen Lie algebras 5) where {G (i) } i≥0 is the derived series of G, defined, inductively, by G (0) = G and G
In Sections 2, 3, and 4, we treat the rational case. Our first main result is Theorem 3.5, where we describe the Malcev completion of G/G (i) by means of a functorial formula in terms of the Malcev completion of G. Under a formality assumption, we deduce in Theorem 4.2 the following analog of Sullivan's isomorphism (1.3). Theorem 1.1. Let G be a finitely presented group. If G is 1-formal, then there is an isomorphism of graded Lie algebras
Formula (1.6) says that the rational associated graded Lie algebra of the ith derived quotient of the group is isomorphic to the ith derived quotient of the Q-holonomy
Lie algebra of the group. This formula does not hold for arbitrary G (see Example 4.4).
1.7
In Section 5, we treat the integral case. We first show that the map Ψ G : H(G) gr(G) induces a natural epimorphism of graded Lie algebras Ψ (i)
for each i ≥ 1. Under some torsion-freeness and formality hypotheses, we deduce in Proposition 5.5 the following analog of isomorphism (1.4). Theorem 1.2. Let G be a finitely presented group, with torsion-free abelianization. Sup-
G gives an isomorphism of graded Lie algebras over Z:
(1.7)
1.8
Our approach works particularly well for commutator-relators groups, that is, for finitely presented groups G defined by relators belonging to Γ 2 . In this case, the integral holonomy Lie algebra H(G) may be described directly in terms of the defining relations of G (see Proposition 7.2).
The adjoint representation of H(G) endows the infinitesimal Alexander invariant B(H(G)) = H(G) /H(G)
with a natural graded module structure over the polynomial ring S = Sym(H 1 G). In Theorem 6.2, we derive from the defining presentation of G a finite presentation of B(H(G)) over the ring S, while in Proposition 9.3, we relate the module B(H(G)) to the classical Alexander invariant of the group, B G = G /G .
1.9
In Theorem 7.3, we determine the Chen Lie algebras of "surface-like" groups. If G = x 1 , . . . , x n | r is 1-formal, with relator r ∈ Γ 2 F n such that r = r mod Γ 3 F n satisfies certain nondegeneracy conditions, then
Moreover, gr(G/G ) is torsion-free, with Hilbert series
This result is a Chen Lie algebra analog of the work by Labute [22] , where the Lie algebra gr(G) was determined for certain one-relator groups G.
There is a rich variety of one commutator-relator groups G satisfying the hypotheses of Theorem 7.3. Among them, we mention the class of fundamental groups of irreducible complex plane projective curves of positive genus (see Example 7.4), and the algebraically defined class of surface-like groups from Example 7.5.
1.10
Let K = (K 1 , . . . , K n ) be a link in S 3 , with complement X, and fundamental group G = π 1 (X). The Chen groups gr k (G/G ), first considered by Chen in [6, 7] , were intensively studied in the 70s and 80s, see, for example, [23, 25, 28, 29, 32, 42] . The most complete computation of Chen groups of links was done by Murasugi [32] , in the case of 2-component links. No general formula is known for the Chen groups of an arbitrary link.
Nevertheless, Murasugi proposed a simple formula for the Chen ranks θ k and LCS ranks φ k of a link group, in the case when all the linking numbers are equal to ±1. Murasugi's conjecture was proved in particular cases by Kojima [21] and Maeda [25] , and in full generality by Massey and Traldi [29] . Further work in this direction was done in [2, 23, 27] .
As an application of our results, we prove an even stronger form of Murasugi's conjecture, both rationally and integrally. The main contribution is at the multiplicative level of the Chen Lie algebras of the links under consideration. See Theorem 10.1(f), and Theorem 10.4(b), (c), respectively.
1.11
Let A = {H 1 , . . . , H n } be an arrangement of hyperplanes in C , with complement X, and group G = π 1 (X). The study of LCS quotients of arrangement groups was initiated by Kohno [20] , who computed the LCS ranks of the pure braid groups. Falk and Randell [13] extended Kohno's computation to the broader class of fiber-type arrangement groups, expressing the LCS ranks in terms of the exponents of the arrangement. See [18, 36] for further generalizations of the LCS formula, and [39, 40] for other formulas and computations in low ranks, even when the LCS formula does not hold.
Another direction was started in [9, 10] with the study of Chen groups of arrangements. The Chen ranks θ k (G) can provide stronger information than the LCS ranks φ k (G).
For example, the Chen ranks distinguish the pure braid group on ≥ 4 strands from the corresponding direct product of free groups, whereas the LCS ranks do not.
As a direct application of our results, we show in Theorem 11.1 that the rational Chen Lie algebra of a complex hyperplane arrangement is combinatorially determined.
Further applications can be found in [35] .
Malcev Lie algebras and exponential groups
Our approach to the various graded Lie algebras associated to a group G, such as gr (G) and gr(G/G 
for all r and s;
Completeness of the filtration means that the topology on L induced by {F r L} r≥1
is Hausdorff, and that every Cauchy sequence converges. In other words, the canonical map to the inverse limit π : 
1)
and filtration provided by the normal subgroups {exp(F r L)} r≥1 .
The convergence of the series (2.1) follows from Definition 2.1(2), together with the completeness of the filtration topology.
If ρ : G → exp(L) is a group homomorphism, then, as shown by Lazard [24] , ρ induces a graded Lie algebra map
, where L is a Malcev Lie algebra such that, for each r ≥ 1, the factorization ρ r :
where L is a nilpotent Malcev Lie algebra, there is a unique liftf r to exp(L/F r L).
The above universality property of Malcev completion is embodied in the com-
The Malcev Lie algebra L is uniquely determined by the above universality property. The canonical Malcev completion G can be constructed as follows (see Quillen [37, 38] ).
The group algebra QG has a natural Hopf algebra structure, with comultiplication given by ∆(g) = g ⊗ g, and the augmentation map as a counit. Let I be the augmentation ideal and let QG = lim ←−r QG/I r be the completion of QG with respect to the I-adic filtration. The Hopf algebra structure extends to the completion. Moreover, the Lie algebra of primitive elements in QG, endowed with the inverse limit filtration, is a Malcev Lie algebra denoted by M G . Set
For example, if G is a nilpotent group, then M G is a nilpotent Lie algebra, and so
For an arbitrary group G, Quillen also constructs a natural group homomorphism 5) called the functorial Malcev completion homomorphism, which satisfies the universality property (2.3). Moreover,
is an isomorphism of graded Lie algebras. Now, let L be a Malcev Lie algebra as in Definition 2.3. Then, by the above discus-
Malcev completion and derived series
We now investigate the relationship between Malcev completion and derived series. We will need a few lemmas.
is the closure of L (i) with respect to the filtration topology on L.
Proof. Suppose that ρ(g) = x and ρ(h) = y. By the Campbell-Hausdorff formula, we have
The general case follows by induction on i.
In particular, the above lemma implies that ρ factors through a homomorphism
is endowed with the filtration induced from L; this is a Malcev
Proof. It is enough to prove the equality for i = 1; the general case follows by induction on i. To prove the inclusion exp(L) ⊂ exp(L ), use the Campbell-Hausdorff formula to express the group commutator (x, y) as a sum of Lie brackets, as above. To prove the reverse inclusion, use the Zassenhaus formula (cf. [24] ) to express the Lie bracket [x, y] as a product of group commutators.
We will also need the following criterion of Quillen [38] , which characterizes the Malcev completion of a nilpotent group. In the statement below, one has to take into account the fact that the exponential construction described in Section 2 establishes a categorical equivalence between nilpotent Q-Lie algebras and nilpotent uniquely divisible groups (see [38] ).
Proposition 3.3 [38] . Let N be a nilpotent group. A homomorphism ϕ : N → M defines a
Malcev completion of N if and only if (1) M is a uniquely divisible, nilpotent group;
(2) ker ϕ is a torsion group;
(3) for all y ∈ M, there is an integer n = 0 such that y n ∈ im ϕ. Proof. By [17] , the restriction of ϕ to LCS terms 
. It remains to verify that this homomorphism satisfies the universality prop-
So, fix r ≥ 1 and consider the following diagram:
The maps ρ (i) and ρ r factor through a common quotient map ρ
r . We are given a map f and must lift it tof, as indicated in the diagram. Let f r be the composite of f with the projection map from G/Γ r G. The map f r has a unique liftf r by the universality property of ρ. To construct the liftf, it is enough to show that (
By Lemmas 3.2 and 3.4, we have the following: for each
and sof r (x) = 1, since exp( L) is uniquely divisible.
To show that the liftf is unique, let x ∈ exp(L/F r L). As before, write x m = ρ r (h),
, and the uniqueness off follows from the unique divisibility of exp( L).
Holonomy Lie algebras and formality
In this section, we establish our main result. Under a formality assumption, we identify the derived quotients of the rational holonomy Lie algebra of a group G with the associated graded rational Lie algebra of the derived quotients of the group.
We will only consider spaces X having the homotopy type of a connected CWcomplex with finite 2-skeleton. Accordingly, if G is the fundamental group of X, then G is finitely presented, and the classifying space K(G, 1) can be chosen to have finite 2-skeleton.
Let H(G; Q) be Chen's rational holonomy Lie algebra of the space K(G, 1):
Here, L * denotes the free graded Lie algebra functor, where the grading is given by bracket length, and
, with the standard identification of 2 H 1 with
The next definition will be crucial for our purposes. In other words, G is 1-formal if
We are now in position to state and prove our main result (Theorem 1.1). 
Proof. Set H = H(G; Q) and L = H. By 1-formality, G = exp(L). By Theorem 3.5, we have
. Using the isomorphism (2.7), we find
Now, consider the canonical Lie algebra map ι : H → L which sends the bracket length filtration of H to the Malcev filtration of L, and embeds H into its completion. For each i ≥ 1, there is an induced map of filtered Lie algebras ι
by the grading. Combining this isomorphism with those from (4.4) and (4.5) completes the proof.
Here is a quick application of our result.
Corollary 4.3. Let L n be the free Z-Lie algebra on n generators (in degree 1). Then L n /L n is a graded free abelian group, with Hilbert series
Proof. The torsion-freeness of L n /L n follows from the fact that the derived subalgebra of a free Z-Lie algebra is again free (see [4, Exercise 11, page 77]).
Let F n = π 1 ( n S 1 ) be the free group on n generators. Since wedges of circles are formal spaces, Theorem 4.2 applies to F n . Note that H(F n ; Q) = L n ⊗ Q, as follows directly from (4.1). Therefore, the coefficients of the Hilbert series of L n /L n are equal to the Chen ranks θ k (F n ). Those ranks were computed by Chen [6] (see also [10, 29, 32] ).
Putting things together yields (4.6).
Theorem 4.2 can be used as a 1-formality test, which we illustrate by the following simple example. Another example (for link groups) will be given in Section 10.2. 
Integral holonomy Lie algebras
Our next objective is to find an integral version of Theorem 4.2. We start by recalling the definition and basic properties of Z-holonomy Lie algebras. As before, let X be a space having the homotopy type of a connected CW-complex with finite 2-skeleton.
Definition 5.1 [27] . Assume that
Here,
is the canonical surjection induced by the Kronecker pairing. If G is a finitely presented group with torsion-free abelianization, then the Z-holonomy Lie algebra of G is
From the above definition, we see that H(X) is a Z-form of H(X; Q), that is,
as graded Lie algebras. Obviously, both ∂ X and ∂ Q X are natural with respect to continuous maps. Now consider a classifying map f : X → K(G, 1), where G = π 1 (X). Since H 1 f is an isomorphism and H 2 f is an epimorphism, we infer that f induces an isomorphism between Z-holonomy Lie algebras
By the universality property of free Lie algebras, the standard identification H 1 G = gr 1 (G) extends to a surjective map of graded Z-Lie algebras 5) natural with respect to group homomorphisms.
Proposition 5.2 [27] . The above map Ψ G sends im(∂ G ) = im(∂ G ) (see Definition 5.1) to zero, thus inducing a natural epimorphism of graded Z-Lie algebras 6) for any finitely presented group G with torsion-free abelianization.
We now show that Ψ G further descends to the derived quotients.
Proposition 5.3. For each i ≥ 1, there is a natural epimorphism of graded Z-Lie algebras
gr(G/G (i) ) which fits into the commuting diagram 
are isomorphisms, for all i ≥ 1.
Proof. By Theorem 4.2, the graded Lie algebras gr(G/G
G ⊗ Q induces in each degree a surjection between Q-vector spaces of the same (finite) dimension, hence an isomorphism.
The following proposition, together with Corollary 5.4, implies Theorem 1.2.
G induces a surjection on p-torsion, for all primes p. If, moreover, the Hilbert series of the graded vector space
G is an isomorphism of graded Z-Lie algebras, and the graded abelian group gr(G/G (i) ) is torsion-free.
Of course, the same statement also holds for Ψ G : H(G) gr(G); applications may be found in [2, 27] . Here is our first application for
n ) is torsion-free, as a graded abelian group.
Proof. As in the proof of Corollary 4.3, start by noting that F n is 1-formal,
n is torsion-free. Then apply Proposition 5.5. Definition 6.1. Let E be a graded Lie algebra. Suppose that E = L Y /I, where I is a homogeneous ideal generated in degree greater than or equal to 2. The infinitesimal Alexander invariant of E is the graded S-module B(E) := E /E , with module structure given by the adjoint representation, via the exact sequence of Lie algebras
In the case when Y is finite and I is generated in degree 2, we can write down explicitly a finite presentation for B(E). We will use the Koszul resolution (S ⊗ 
is a homogeneous, finite S-presentation of B(E), where , for each k ≥ 2. A standard dimension-counting argument shows that this rank is the same as the rank of the degree k component of coker d 3 , which is also free abelian. Thus, ker η = im d 3 and the following sequence is exact:
We now return to the proof in the general case: E = L/I, where I is generated in degree 2. Let π : L → E be the canonical projection. Note that E /E = L /(L + I), and so we have an exact sequence
It is readily seen that the S-linear surjection π • η : S ⊗ From the Hilbert-Serre theorem, we also obtain the following corollary. Corollary 6.3. If E is a quadratic, finitely presented, graded Lie algebra over a field k,
is a rational function in t.
The main example to keep in mind is that of the holonomy Lie algebra E = H(G) of a finitely presented group G with torsion-free abelianization. We simply call B(H(G)) =
H(G) /H(G) the infinitesimal Alexander invariant of G.
Chen Lie algebras of one-relator groups
In this section, we isolate a class of groups G for which the holonomy Lie algebra H(G) may be described directly in terms of the defining relations. If G has a single relator (of a certain type), we determine the Chen Lie algebra gr(G/G ). Let X g be a closed, orientable surface of genus g ≥ 1, with fundamental group
In [22] , Labute showed that the associated graded Lie algebra of π 1 (X g ) has presentation
2)
(This formula can also be derived from [36] , using the fact that X g is formal and H * (X g ; Q)
is a Koszul algebra.)
In our next result, we provide analogs of (7.2) and (7.3) for the Chen Lie algebras of "surface-like" one-relator groups.
Theorem 7.3. Let G = x 1 , . . . , x n | r be a commutator-relators group defined by a single relation. Denote by r ∈ L 2 (y 1 , . . . , y n ) the class of r modulo Γ 3 . Assume that r ≡ 0
4)
as graded Z-Lie algebras. Moreover, gr(G/G ) is torsion-free as a graded abelian group, and its Hilbert series Hilb(gr(G/G ), t) = k≥1 θ k t k is given by
Proof. By Proposition 7.2, the graded Z-Lie algebra on the right-hand side of equation
) equals H(G)/H(G) . By Corollary 5.4, Proposition 5.5, and Theorem 6.2, all we have
to do is to check that
for all primes p. Fix then F p -coefficients (omitting them from notation).
From the presentation (6.2) and the exactness of Koszul resolutions, we infer that
where µ denotes multiplication by
with c ij ∈ F p . Then
and this is nonzero since r = 0 by assumption. Hence, µ is injective, and formula (7.6) readily follows.
For many one-relator groups G, Theorem 7.3 determines the structure of the Chen Lie algebra gr(G/G ) and computes the Chen ranks θ k (G), which we illustrate using the following examples. Example 7.5. Let G = x 1 , . . . , x n | r be a one commutator-relator group. Assume that r ∈ 2 (y 1 , . . . , y n ) is nondegenerate, and r ≡ 0 (mod p), for every prime p. Denote by X the finite 2-complex associated to the given presentation of G. By nondegeneracy, n = 2g and
as graded algebras. By the rigidity results from [3, Section 2.5], the group G = π 1 (X) is 1-formal. Hence, Theorem 7.3 applies.
Alexander invariant
We now turn to the relationship between the holonomy Lie algebra and the Alexander invariant. We start by reviewing some basic material on the Alexander module and the Alexander invariant of a group, as well as their associated graded modules and their connection to the Chen groups.
Alexander modules
Let G be a finitely presented group. Let ZG be the group ring, : ZG → Z the augmentation map given by ( n g g) = n g , and I G := ker the augmentation ideal. Finally, let G/G be the abelianization of G and α : G G/G the canonical projection.
Associated to G, there are two important modules over Z(G/G ):
(1) the Alexander module A G = Z(G/G ) ⊗ ZG I G , the module induced from I G by the extension of α to group rings; (2) the Alexander invariant B G = G /G , with G/G acting on the cosets of G via conjugation:
These two Z(G/G )-modules fit into the Crowell exact sequence
If X is a connected CW-complex with finite 2-skeleton and G = π 1 (X, * ), and if p : X → X is the maximal abelian cover, then the homology exact sequence of the pair (X, p −1 ( * )) splits off the sequence (8.1), with B G = H 1 (X) and A G = H 1 (X, p −1 ( * )).
Associated graded modules
Set I := I G/G . The module B G comes endowed with the I-adic filtration
be the associated graded module over the ring gr(Z(G/G )) = k≥0 I k /I k+1 .
Then, as shown by Massey [28] ,
for all k ≥ 2, where we recall that the associated graded on the left-hand side is taken with respect to the LCS filtration. In particular,
Example 8.1. Let G = P n be Artin's pure braid group on n strings. As shown by Kohno [20] , the graded ranks φ k = φ k (P n ) are given by
The Hilbert series of the Alexander invariant of P n was computed in [9] :
, for k ≥ 3.
Presentations for Alexander modules
Suppose that G/G is torsion-free of rank n = b 1 (G) and fix a basis {t 1 , . . . , t n }. This identifies the group ring Z(G/G ) with the ring of Laurent polynomials
. Under this identification, the augmentation ideal I corresponds to the ideal I = (t 1 − 1, . . . , t n − 1).
Let G = x 1 , . . . , x n | r 1 , . . . , r m be a commutator-relators group. Note that G/G = Z n . Pick, as basis elements, t i = αϕ(x i ), where ϕ : F n G is the canonical projection.
The Alexander module of G admits a finite presentation
where ∂ i = ∂/∂x i : F n → ZF n are the Fox free derivatives.
Let (Λ ( n k ) , δ k ) be the standard Koszul resolution of Z over Λ. By the fundamental formula of Fox calculus, δ 1 • D G = 0 (see [14] ). A diagram chase (see [28] ) gives a finite presentation for the Alexander invariant
(Such a map always exists by basic homological algebra.)
Linearized Alexander invariant
In this section, we show that the linearized Alexander invariant of a commutator-relators group coincides with the infinitesimal Alexander invariant of the holonomy Lie algebra of the group.
Magnus embedding
The ring Λ = Z[t As a result, we may view the associated graded Alexander invariant gr(B G ) as an S-module. To compute the Hilbert series of this module, one needs to know (at the very least) a finite presentation. But even if an explicit presentation for B G is known, finding a presentation for gr(B G ) involves an arduous Gröbner basis computation (see [9, 10] ).
We turn, instead, to a more manageable approximation for the Alexander invariant of a commutator-relators group G.
Linearized Alexander module
For each q ≥ 0, let µ 
G .
The linearized Alexander matrix depends only on the relators of G, modulo length 3 commutators. Indeed, let r ∈ Γ 2 F n be a commutator-relator and set
1)
), see [14, 30] . Consequently, the entries of the m × n matrix D
G are given by
Linearized Alexander invariant
As above, let G be an n-generator, commutator-relators group. Identify the symmetric algebra on H 1 (G) = Z n with the polynomial ring S = Z[s 1 , . . . , s n ], and let Proof. By Theorem 6.2, Proposition 7.2, and the exactness of the Koszul resolution,
Y is generated by {r k } 1≤k≤m . By definition,
By (9.3), (9.4) , and (9.5), we are left with checking that 6) for any r ∈ Γ 2 F n . We know from (9.2) that r = r (3) . Hence,
Therefore, by the very definition of Koszul differentials,
Symmetry properties from the free differential calculus [14] show that (9.6) is equivalent to (9.8).
Corollary 9.4. Let G be a commutator-relators group with Alexander invariant B G , linearized Alexander invariant B G , and infinitesimal Alexander invariant B(H(G)). Then
Proof. The first equality from (9.10) follows from Massey's isomorphism (8.3) for an arbitrary finitely presented group G. If G is 1-formal, the second equality is provided by Let K = (K 1 , . . . , K n ) be a tame, oriented link in the 3-sphere, with complement X =
erated by classes e 1 , . . . , e n dual to the meridians of K. As is well known, the cup-product
Consequently, the holonomy Lie algebra is determined by the linking numbers of K. More precisely,
The information coming from linking numbers is conveniently encoded in the linking graph of K, denoted by G K . This is the subgraph of the complete graph on vertices {1, . . . , n}, having an edge {i, j} whenever l ij = 0, weighted by the corresponding linking number l ij .
Chen groups of 2-component links
In (see [16] ). It follows that θ 4 (G) = 2. Hence, by Theorem 4.2, the fundamental group of the Whitehead link is not-1-formal.
In particular, if = 1, then gr >1 (G/G ) = 0, and this easily implies that gr >1 (G) = 0 too.
The rational Murasugi conjecture
In view of the above computations, Murasugi made the following conjecture: if G is the group of an n-component link with all linking numbers equal to ±1, then, for all k > 1,
Murasugi's conjecture was proved, in a more general form, by Massey and Traldi [29] . These authors gave a sequence of necessary and sufficient conditions under which (a) the linking graph G is connected;
Moreover, any one of the above conditions implies that (f) gr(G/G ) ⊗ Q = (H/H ) ⊗ Q, as graded Lie algebras.
Proof. The equivalence (a)⇔(b) is proved in [23] , the implication (a)⇒(d) is proved in [29] , (a)⇒(c) is proved in [2] , while (c)⇒(e) and (d)⇒(e) are obvious.
by assumption (e). Thus, dim(ker π) = n − 1, which equals dim H 2 (X; Q).
We are left with proving (a)⇒(f 
Now, recall that the map Ψ The graph G is strongly connected if it is connected modulo p, for all primes p.
We also need the following definition from [2, Section 3(2 )], slightly paraphrased for our purposes. 
Proof. (a) As shown by Labute [23] , the graph G is connected modulo p if and only if the 
The conclusion follows from Corollary 5.6. 
G is an isomorphism and gr(G/G ) is torsion-free.
(
Therefore, G is strongly connected, and so gr(G/G ) = H/H , by part (b).
, and this proves the forward implication.
Conversely, suppose that gr Note also that the Z-genericity condition in (c) is more restrictive than the strong connectivity condition in (a) and (b) (see [2, Example 4.4] ).
Chen groups of complex hyperplane arrangements
Let A = {H 1 , . . . , H n } be an arrangement of n hyperplanes in C , with complement X(A) = C \ n i=1 H i . If A is an affine arrangement in C ∼ = {z ∈ C +1 | z +1 = 1} and c A is the cone on A at the origin of C +1 , then c A is a central arrangement and π 1 (X(c A)) ∼ = π 1 (X(A))×Z.
Therefore, there is no loss of generality in assuming, from now on, that A is central. Set X = X(A).
The fundamental group G = π 1 (X) admits a finite presentation, with n generators (corresponding to the meridians) and commutator relators.
The cohomology ring of the complement of a complex hyperplane arrangement was computed by Brieskorn [5] in answer to a conjecture of Arnol'd. A presentation for the ring H * (X; Z) in terms of the intersection lattice L(A) = { H∈B H | B ⊂ A} was given by Orlik and Solomon [33] .
An important consequence of Brieskorn's theorem is that every arrangement complement X is a formal space. In particular, the group G is 1-formal. Thus, our results from Sections 4, 5, 6, and 9 may be applied to G. In particular, the rational Chen Lie algebra of the arrangement is combinatorially determined (as a graded Lie algebra) by the level 2 of the intersection lattice L 2 (A). Hence, the Chen ranks θ k (G) = rank gr k (G/G ) are combinatorially determined.
Remark 11.2. If A is hypersolvable, then both H and gr(G) are torsion-free (see [18, Section 7] ). In general, though, gr(G) (and consequently H, cf. Proposition 5.5) may have torsion (see the example below).
The torsion-freeness of gr(G/G ), also conjectured in [40, Section 8] , is still open.
In a stronger form, this conjecture would follow from the torsion-freeness of H/H , but this is not the case, as the next example indicates.
Example 11.3. Let A be a realization of the MacLane matroid and G its group (see [10, 40] for details and references). As noted in [40, Example 10.7] , the associated graded Lie algebra gr(G) has 2-and 3-torsion. Hence, B G , and thus H/H , both have 3-torsion. Yet it is not clear whether this torsion survives in gr(G/G ).
